Unit - VIII

LINEAR ALGEBRA -2
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5.1 ]1 Introduction
In this unit, we continue to discuss a few more matrix oriented concepts such as eigen
values and eigen vectors of a square matrix, quadratic form expressible in the matrix
form where we see the association with the eigen values and eigen vectors.

B . . .

-8.2¢  Linear Transformations

Transformation means change.

For example, the reader is familiar with the transformation from cartesian system to
polar system. The associaled transformation is x = r cos 8 and ¥ = r sin 8. Here
(x, y) are cartesian coordinates and (, 8) is expressible in terms of ( x, ¥ ) as we

have, r = \J? +y¥ and © = tan "} { ¥/x ) which being the inverse transformation.
¥ g

A Linear Transformation in two dimensions is represented by

1

¥
Y, = by x40, x,

ﬂl xl +02 xz

(1)

Thi< . be represented in the matrix form.

" a “2} R :
= {2
HEENIN >

Similarly a linear transformation in three dimensions along with its matrix form is as
follows.

Yy = ap xp+a, xyta, xg

yz:bl x1+b2 x2+b3 Xy b . (3)
¥y = € X +Cy Xy+iy X,
" a @y ay | [ x|
or Yo =|b B by | x, .. (4)
Yy & 4 X3
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We can as well write (2) and {4) in the form
Y = AX - (5
where Y, A, X are the associated matrices. A is called the Transformation Matrix.

Further if the matrix A is nonsingular ({ A | # 0) thenY = AXiscalled a
non singular transformation or regular transformation. In this case

X=A"ly ... (6)
is called the inverse transformation. |
Alsoif | A | = 0, the transformation Y = AX is called a singular transformation .
Next, let Z = BY also be a linear transformation. Then we have,
Z = (BY) = B(AX) = (BA)X = CX (say) where C = BA
Here Z = CX is called a composite linear transformation.
WORKED PROBLEMS

1L Jf o=xcosO—ysmn0 and f = xsinb+ycosh write the wmatrix A of Hus

. . -1 , .
transformation and prove that A™° = A’ Also wrrde the tnverse transformation.

o] _[cos0 -sinB] [x
>> wemve’[ﬂ]_[sinﬂ cose] [y]

The matrix A = | <00 O —sinb | d Y = AX is the associated matrix representation
sin® cos6
of the given linear transformation.
| A} = cos?6 + sin®@ = 1
. cos0 sin®
AdjA = [—sine cose]
-1 __1 ., | cosB sin® |-
A -‘—h—‘AlAd;A—[_SinB COSB] .. (1)
,_§ cos® sind
Also A _[—sinB cosﬁ] @

From(1)and (2), A~ ! = A’
{ Remark : This implies that A is an orthogonal matrix) ~

The given transformation is Y = AX. Hence the associated inverse transformation is,

X=A"'Y
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. x| _| cos® sin§ a
i ¥{ | ~sin® cos@ B

Thus the inverse transformation i, x=tcos 0+ P sin 6 and y=—asin®+fcosH.

2. Find the inverse transfornuation of the tolloreing tinear bransformation.
2y, 4 By
Yy v oxpr2x 4 By
=2y = Nl 11x.
Yy = Zx o+ Flxy
fi = —Xx. ]
Yy Yyt 2xy

The given linear transformation in the matrix form is,

! 1 2 51"
¥y | = 2‘ 4 11 Xy
-‘faj 0 -1 2 Xy
fe., Y = AX where we have, —
oy,
(1 2 5
A=12 411 T
0 -1 2 T
We compute, A= I—f‘lﬂ_ (Adji A)

[A] =1(8+11)-2 (4-0)+5(~2-0) = 1

+(8+11), -(4+5), +(22-20) 19 -9 2
AdfA =1 -(4-0), +(2-0), -(11-10)(=[-4 2 -7
+(=2-0), -(-1-0), +(4-4) -2 1 o0

Since |A| =1 A"! = AdjA itself.

Inverse transformation is given byX=a"ly

) 19 -9 27i%
ie., Ypi=1-4 2 -1( |y
an 21 0j|y,

Thus, x, = 19y, =%, +2y,, x, = ~4y,+2,~y,, x, ="-2y, +y, is the
required inverse transformation.



>> The given transformation in the matrix form is,

L5 2 -2 -1
Yo |=|~4 5 3 Xy
¥, 1 -1 -1 Xy
ie., Y = AX, where
2 -2 -1
A=|-4 5 3
1 -1 -1
Now, |A| =2(-5+3)+2(4-3)-1(4-5)=~1
| A] = ~1 # 0 = the transformation is regular.
We compute Al =I—;|* (AdjA)
+(~5+3), -(2-1), +(-6+5) -2 -1 -1
AdjA = | -(4-3), +(-2+1), —(6-4) [=[-1-1-2
+{(4-5), ~(-2+2), +(10-8) -1 0 2
-2 -1 -1 21 1
Hence A" l1==-}-1 -1 -2]=|10 2
: -1 0 2 10 =2

Inverse transformation is givenby X = A “ly

* 21 11"
ie., Xy | = 11 2 Yy
x4 10 -2y,

Thus, x, =2y, +Y,+¥;, X, = Y, ¥y, t2y3, X3 =Y —2Y, is the required
inverse transformation.

LINEAR ALGEBRA -2
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>> We have by data,
X = 3y1+2y2, Xy

It

“Y+dy, . {1)
N1=2+2z, g, = 32 \ - (2)
The matrix Tepresentation of (1) and {2) are as follows.
.0 32) Nii_f127 %
BEEHIHEIEE 2]
e, X =AY and Y = B7
327 12
where A—[_l 4de3-[3 0]
Nowwehave,X=AY=A(BZ)=(AB)Z
e., X = (AB)Zis the composite transformation,

= 32]71 2] [ 34, 6+01 9 ¢
Ful‘ﬂler,AB—[_l 4J [3 0]“[__1_,,]2’ _2+0J“[]l -2]

Al

Thus X =92 46 Z & x, =11 4 -2z, is the required composite transformation.

: ' ! : : : : = s . . Lo " R
5 Loty R T e B [ R

L T N R Lot b

>> We have by data,
¥ 5 3 3117

Bl=13 2 -2z, | )
Y3 2 -1 2 X,
| 4021(%

and 15 =101 4[x,| Q)
5| [005s]],
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The equivalent form of (1) and (2) are, Y = AX and Z = BX

5 3 3 4 02
where A=13- 2 -2 and B=|0 1 4
2 -1 2 005

7 = BX = X = B~!Z andhence,
Y=AX=A(B12)= (AB"1)Z

We need to compute B~ 1 and the matrix prouct AB™ r

B! = I_IB—l AdjB

Wehave | B| =20

+(5-0), -(0-0), +(0-2) 5 0 -2
AdjB =|-(0-0), +(20-0), ~(16-0) =10 20 -16
+(0-0), -(0-0), +(4-0) D 0 4
L[5 0 -2
B"1=—2'6 0 20 -16
0 0 4
5 3 3] ;[5 0 -2
Next, AB™1=|3 2 -2] 55102 -16
2 -1 2 0 0 4
1 25+0+0, 0+60+0,—10—4B+12 1 25 60 -46
e, AB~1=7-115+40+0, 0+40+0, _6-32-8|=3-115 40 -46
10+0+0, 0-20+0, -4+16+8 10 —-20 20

Wehave ¥ = (AB" 1) Z

Y1 ([ 60 —-461 | ™
ie., yp|=| 15 40 -46) %

Vs 20 10 -20 20
Thus, y1=(5/4)z1+322-(23/10)z3
yz=(3/4)z1+2zz—(23/10)z3

y, = (1/2)z~ 2 +2, is the required linear transformation.
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?3] Eigen values and Eigen vectors of a square matrix

Definition : Given a square matrix A, if there exists a scalar X {real or complex) and a
non zero colurmn matrix X such that AX = A X, then A is called an eigen value of A and
X is called an eigen vector of A corresponding to an eigen value A.

If Iis the unit matrix of the same order as that of A, we have X = IX and hence
AX = AX can be written as

AX = A(IX) = (M) X
Le., [A-AI] [X]) =10} [0]is the null matrix.

Let us consider a square matrix of order 3 represented by

a4 a4 100 A 00

A=|b b by| Also AI=2|010]=10 A 0

& o 6 001{ {00 A
(a=2) & g x
[A-M] = by (by-A) b, Alsolet X ={ Y
G g (e3=3) z

It can be easily seen that {A-Al] [X] = [0] represents a set of homogeneous
equations in 3 unknowns. C

e, (ay-A)x +a,y ta,z =9
by x + (by=A)y +bz =0
€y % + oy +(c;-A)z =0

A nontrivial solution for this system exists if the determinant of the coefficient matrix
is zero. :

(ay —X) ay a, |
Le., bl. { bz -A ) b3 =0
| £y C, (c3-4)

Onexpanding we geta cubic equation in A which is called the characteristic equation
of A. The roots of this equation are the eigen mlues which are also called eigen roots or
characteristic roots or latent roots. For each value of A there will be an eigen vector
X # 0 which is also called a characteristic vector. -
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|8.311 Properties of ergen values and eigen vectors

1. Sum of the eigen values of a square matrix is equal to the ‘trace” (sum of the
principal diagonal elements) of the matrix.

2. Product of the eigen values of a square matrix is equal to the determinant of the
matrix.

3. If Ay, A,,---A, are the eigen values of an n'" order square matrix A, then
3—]{ ' Z.g , A l‘: are the eigen values of the matrix AF,

4, The eigen vector X of a matrix is not unique.

5. 1Ay, Ay, -+ A, arethedistincteigen values of an n'" order square matrix A, then
the corresponding eigen vectors X, , X;, -+, X, forma linearly independent
set.

6. If two or more eigen values are equal it may or may not be possible to get linearly
independent eigen vectors corresponding to the coincident eigen values.

7.1 Xyo= (a0, Yy, %), Xy =Xy, ¥y, 2p) then X, , X, are called orthogonal
vectors if,

X,‘-X2 =X, Xt Yy Y2y 2y = 0

8. Eigen vectors of a symmetric matrix corresponding to different eigen values are

orthogonal.
9. '‘Norm’ of a vector X = (x, y, z) denoted by || x || is equal to
= +y2 +2 =k {say). Then [-E . %, %] is called the normalized vector.
X, Xy Xy
10. The mairix P = , . will be an orthogonal
IRNINIEAINIEN i

matrix.

Warking provedure ing poeblonns

9 Given a square matrix A (usually of order 3) we form | A-Al| = 0.
On expanding we get the characteristic equation of A. By solving it we getall the
eigen values.

2 We then form the system of homogeneous equations from the matrix equation
[A-Af] [ X]=[0]and solve for ( x, y, z ) corresponding to every value of A.
@ Simple techniques of solving or the rule of cross multiplication {for any pair of

equations) can be employed. The values x,1,z obtained by the rule of cross
multiplication satisfy simultaneously all the three equations.
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WORKED PROBLEMS

6. Fud all the eigen values and tie corresponding efgen vectors of the matrix
f 8 -6 2
A= -6 7 —4]
A
>> The characteristic equationof Ais | A-XI | = 0
(8-X) -6 2
ie., -6 (7T-A) -4 =0
2 -4 (3-X)

On expanding we have,
(8=A) [(7-A)(3~2)-16] +6 [-6(3~A)+8]+2 [24-2(7-A)] = 0
ie, (8-A)[5-10A+A%]+6 [6A-10]+2 [10+21] = O
ie, —A’+18)2~45% = 0, on simplification.
or A -1832+450 = 0
ie, A (A?-18L+45) =0 or A(A=3)(A-15) = 0
A = 0, 3,15 are the eigen values of A.

We now form the system of equations

(8-A)x -6y +2z =0
—6x +(7=A)y -4z =0
2x -4y +{(3-A)z =0 : ... (1)
Case-i: LetA = 0. The system of equations become
8x—6y+2z = 0 )
—6x+7y -4z = 0 .. (i)
2x~4y+3z2 =0 ... (iii)
Applying the rule of cross multiplication for (i) and (ii)
x _ ~y z
'-—6 2‘ . 8 2‘ 8 —6| .
7 -4 -6 -4 -6 7
fe oY _ 2 Xy _z
' 10 20 20 1 2 2
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. (%, Y,z )are proportionalto (1,2, 2 yand wecan writex = k,y = 2k,z = 2k where
k is arbitrary. However it is enough to keep the values of ( x, y, z ) in the simplest form’
x = 1,y = 2,z = 2. These values satisfy all the equations simultaneously.

Thus the eigen vector X, corresponding to the eigen value A=0isX = é
[The same will be written as a row vector in the form X = (1,2,2)in future]
Thus X, = (1, 2, 2) is the eigen vector corresponding to A=0.
Case-ii: Let A = 3 and the corresponding equations from (1) are
5x -6y +2z = 0 .. (i)
~6x+4dy—-4z =0 Lo )
2x-4y+0z =0 o {vi)
From (iv) and (v) we have as before,
x -y _ __z _ X_Z¥_._Z
24-8 -20+12 20-36 16 -8 -16
ie. %:-'li::% oo(x,y,2)=(2,1,-2)
Thus X, = (2,1,-2)is the eigen vector corresponding to A = 3.
Case - iii: LetA = 15 and the associated equations from (1) are
-7x—6y+2z = 0 .o (vii)
-6x~8y—-42 =0 : . . {viii)
2x-4y-12z2 = 0 . (ix)

From {vii} and (viii) we have,

x __“¥ __2 o X_-Z¥_Z
24+16 28+12 56-36 40 40 20
; x_Y¥ _z = -
i.e., P = _2 = 1 (xryrz} = (2f 2;1)
Thus X; =(2,-21)is the eigen vector corresponding to A = 15.
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Note : The characteristic equation of a third order square matrix A can be obtained without
expanding | A-A 1| = 0by the following rule :

M- (Zd)A +(Zm)A-| A} =0, where
Zd = Sum of the diagonal elements of A
Z m, =Sum of the minors of the diagonal elements of A
{ A | = Determinant of A
In the Example - 6 .
Id =8+7+3 =18

Emd =

7 -4 8 2 8 -6
4 31+‘23’ ’mﬁ 7‘—5+20+20—45
|A] =8(21-16)+6(-18+8)+2(24-14)= 40-60+20 = 0

Substituting in the rule we get the characteristic equation,
A’ -182%+454 = 0

Remark : Observe the verification of some of the properties connected with eigen values and
eigen vectors stated earlier.

(i} Sumofall theeigenvalues= 0+3+15 = 18is equal to the trace of A which being
8+7+3 =18

(i) Productofall theeigenvalues = 0. [ A| =0
{iii) _XI-XZ =2+2-4=0X,-X;=4-2-2=0, X, Xy =2-4+2=0
= Eigenvectors X;, X,, X, are orthogonal.

() [1X |} =VI+a+4 =3, [| X, || =V+T+4 =3, || X, || = Va+d+1 =3

3
Normalized eigen vectors of X1 , Xz, X3 are respectively (1/3, 2/3, 2/3),

(273, 173, -2/3), (273, =273, 1/3)

173 2/3  2/3 111 2 2
Thematrix P =12/3 1/3 -2/3 =3 2 1 -2 is an orthogonal matrix.
2/3 -2/3 173 2 -2 1 )

(PP’ = I can be easily verified ).
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7 Find all the vigen values wond Ure corvesyonding eooen .:'1"{:‘0?'.\‘ for the nrtria
A N
I
Cop oA
> | A- M | =0is the characteristic equation of A .
(7-2) -2 0
ie, . -2 (6-A) -2 =0
0 -2  (5-A)
or (7-M) [(6=-A)(5-X)-4]+2 [-2(5~-1)} =0
ie., ~23+18A%2 990 +162 = 0, on simplification.

or o182 +99A-162 = 0

To solve this cubic equation we shall first find a root by inspection by simply trying
valuesforA = 1, 2, 3, ... (If Ais negative all the terms of the equation will be negative
and hence cannot become zero)

Putting A = 3 we have 27 -162+297 -162 = 324 -324 = 0

Thus A = 3 is a root by inspection. The other two roots can be found by synthetic
division as follows.

311 -18 99 -162
0 +3 -45 +162 .
1 -15 +54 0

the quadraticis AZ- 15\ +54 = 0
ie., (A-6)(A-9)=0 or A=6,9
Thus A =3, 6, 9are the eigen values.

We now form the system of equations

(7-A)x -2y +0z =0
—2x +{(6-A)y -2z =0
0x “2y - +(5-A)z=0 )
Case-i : LetA = 3 and the corresponding equations are
| 4x-2y+0z = 0 )
—2x+3y~2z =0 | (i)
Ox-2y+2z =

0 . (i)
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From (i} and (ii) we have by applying the rule of cross multiplication,

X = . = z or E:"u-z—E
4-0 -8-0 12-4 4 8 8

r_¥_z
*T17273
X; = (1,2,2) is the eigen vector corresponding to A = 3.

Case-1i : LetA = 6 and the corresponding equations from (1) are

1x-2y+0z = 0 .- {iv)
-2 ~0y-2z=0 oo (v}
Ox-2y-12 =0 o o (vi)

From(iv)and(v), §=:_.!=_2_:_ or E =%=—-Z—

X, = (2,1,-2) is the eigen vector corresponding toA = 6.

Case - iii ; LetA = 9 and the corresponding equations from (1) are

-2x-2y+0z =0 ' .. (vii)

-2x-3y-2z2=0 +. . {viid)

Ox-2y—-42 =10 o (iX)
From (vii) and (viii), :1{ = :42 =§ or % = —_-VE = %

X, = (2,-2,1) is the eigen vector corresponding toA = 9.

8. Fuind the characleristic ronts and the corresponding characteristic vectors for the following
matrix

f2.0 1]
020!
L0 2]
>> The characteristic equation of the given matrix is
(2-2) 0 1
0 (2-4) 0 =0
1 0 (2-X)

ie,  (2-A)(2-A)—(2-A)=0 .
ie, '(2-1)[(2—1)2-'1}0

or I(2—l)(2—l+l)(2~l—l}=0

ie, (2-X)(3-A)(1-A)=0 or A=2,A=3,%=1
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Thus A = 1, 2, 3 are the characteristic roots.

Let us now form the system of equations

(2-2)x +0y +1z =-0
Ox +{(2-A}y +0z =0
X + 0y +(2-k)z=0 R 1§

Casc-i: LetA = 1and the corresponding equations are
x+z=0, y=0 x+z=0

ie, x = -z andif z = 1is arbitrarily chosen for convenience thenx = -1
o (xy,2) = (~1,0,1) [ The rule of cross multiplication is not used as the equations are
highly simple |

X, = (-1,0,1) is the eigen vector corresponding toA = 1.

1f
e

Case - it - Let A = 2 and the corresponding equations from (1) arez =0, 0
x=0 since x =0 and z = 0, ycanbe chosen arbitrarily, say y = 1.

X, = (0,1,0)is the eigen vector corresponding toA = 2.
Case - iii - Let A = 3 and the corresponding equations from (1) are —x+z =0,
-y=0 x-2=0 o x=z and y=0 :
Let us choose x = z = 1 (arbitrary)

X, = (1,0,1) s the eigen vector corresponding to A = 3.

9. Cind the cigen oo and Hie corre-pending g octe! av e ity
I
SRS i
>> | A-Al| = Ois the characteristic equation of A .
(-2-2) 2 -3
ie. 2 (1-A) -6| =0
-1 -2 -
ie. (-2*1)[—A(ld)-121-2[—2&-6]-3[—4”—«1}':0
ie. (—2-A)(~A+AT—12) + (A +12)+(9+3R) = 0
ie. (~2-A)(A+3)(A-4)+4(R+3}1+3(A+3) =0
e, (A+3) [(-2-R)(A-2)+4+3} =0
ie. (h+3)(~AZ+#2A+15) = 0 or (A+3)(A*-24-15)=0

ie, (A+3){A+3)(A-5)=0 or A=-3-3 5
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Al = -3 Az = -3 ?«3 = 5 are the eigen values.

We now form the system of equations.

(-2-A)x+2y -3z =0

2x +(1-A)y-62 =0

-1x -2y ~Az =0 o (1)
Case-i: LetX = -3 and the corresponding equations are

x'+2y*SZz0 ' I 1]

2x+4y -6z = 0 ‘ R (1))

~X+2y+3z =0 ... (iii)

It should be observed that the equations (i), (ii), (iti) are all same and we have only one
independent equation x + 2y — 3z = 0 (In case the rule of cross multiplication is applied, we
get x = 0 =y = z which is a trivial solution)

Two variables can be chosen arbitrarily.
Let z=k1,3,!=k2.‘.J(=31r1--23r2

Thus = X, = (3k -2k, k, k) is the eigen vector corresponding toA = —3.
- where kl . k2 are not simultaneously zero,

Case-ii: LetA = 5and the corresponding equations from (1) are

-7x+2y-32 =0 -
e byt 0 c V)
-Ix-2y-5z2 =0 et
- x .Y __z
From (iv) and (v), ~12-12  42+6 28-4
e X _Z¥_z =45
L T T T O 7%= ~1
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(1-x) 1 3
., 1 (5-4) 1 =0
3 1 (1-2)

On expanding we get A3-722+436 = 0.
A = ~2 is aroot by inspection. Now by synthetic division,

-211 -7 0 36
0 -2 18 -36
1 -9 18 0

= M_90+18 =0 or (A-3)(A-6)=0or A=3,A=6
A = -2, 3, 6 are the eigen values.

We now form the system of equations,

(1-A) x +1y +3z =0
Ix +(5-A)y +1z =0 o (1)
3x + 1y +{1-A)z =0
Case (i) Let A = -2 and the corresponding' equations are
3x+1y+3z =10 X _ -y _z
Ix+7y+z =0} = -20 0 ~ 20
3x+1y+32 =0

(x,y,2)=(1,0, -1) is the eigen vector corresponding to A = -2.
Case (ii} : Let A = 3 and we have from (1),
-2x +1y +32

Ix +2y +1z
3x +1y -2z =0

0 A
- -5

B
o
U
|

wn

(x,y,2)y=1(1,-1,1) is the eigen vector corresponding to A = 3.

Case (it} : Let A = 6 and we have from (1),

1

-5x +1y +32 = 0
Ix -ly +1z2=0; =
3x +1y =52 = 0

=
o he
o0

WM

(x,y,2)=1(1,2,1) istheeigen vector cérresponding to A =6.

Thus -2, 3, 6 are the eigen values and the corresponding eigen vectors are
(lf 0! _1); (1: '-l.r 1); (1: 2; 1)

I T T T T T N e e T e B B R
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a3
Ml

>> | A=A | = 01is the characteristic equation of A.

(6-X) -2 2
ie., -2 (3-X) -1t =0
2 -1 (3-1)

On expanding, we obtain
21222436432 = 0
A =2 is arootby inspection. Now by synthetic division,
2 (1 -12 36 -32

0 +2 -20 +32

!1 -10 16 :0

Now by solving A* =10 +16 = 0 we obtain (A-2)(A-8) = 0
A=2 8

Thus A =2 2, 8 are the eigen values.

We now forﬁ the equations, _
(6-A)x -2y +2z

=0
-2x +{(3-A)y -1z =
2x -1y +(3-A)z =0 (1)
Case- (i) : Let A = 2 and the corresponding equations are,
4x -2y +2z =0 c (D
- 2x +y -z =90 ... (1)
2x -y +z =0 ... (iid)

The above set of equations are all same as we have only one independent equation
2Zx - y+2 = 0 and hence we can choose two variables arbitrarily.

Let 2=k and y=k, - x=(ky~k )2

Xy = [(kz" k)2 Kk, k, | is the eigen vector corresponding to A = 2 where
k; . k, are not simultaneously egual to zero.
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Case-(ii) Let A = 8 and we have from (1)

-2x-2y+2z2 =0 .« - 2 X .
—2I—5y—12=0 =4 ﬁ=—6"i=g .01' _2-:——!]_:']_.
2x—1y-52 = 0

X, = (2, -1, 1) istheeigen vector corresponding to A = 8.

>> The charecteristic equationof Ais | A~Al} = 0.

| (-3-2) -7 -5
ie., 2 (4-A) 3 =0
1 2 (2-1)

ie.  (=3-A) [B-6A+A2-6]+47 [4-2A-3] -5 [4-4+2]} =0
e,  (=3-A) (A2-6A+2)+7(1-2X)-5(2)=0
3224182 -6-A2+6A2-2A+7-14A-51 =0
e, —A%+3A2-31+1=0
or  23-322:31-1=0
or (A—l)3=0 = A =1, 1, 1. All the eigen values are equal.

We now form the system of equations

(-3-A)x-7y -5z =0
2x +{4-A)y+3z =0
1x + 2y +(2-1)z =0

Putting A = 1 we obtain,

-4 -7y -52
2r +3y +3z
Ix +2y +1z

e

"

(.
rpie

-y _Z
T -1 -1

W

o

0 x
0 = -:*g:
0

Thus X = (3, -1, -1), is the eigen vector corresponding to the coincident
eigen valued = 1.
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>> Sum of all the eigen values of the given matrix is equal to the ‘trace’ of the given
matrix.

fe., = 2+3+2 = 7( Sum of the principal diagonal elements )
Next, product of all the eigen values is equal to the determinant of the given matrix.

221
e, 131 =2(6-2)~2(2-1)+1(2-3)=8-2-1=5
122

Thus the sum and product of all the eigen values of the given matrix are
respectively 7 and 5.

Two square matrices A and B of the same order are said to be similar if there exists a
non singular matrix P such that

B=pPlap
Here B is said to be similar to A .

Diagonalisation of a square matrix

Property : If A is a square matrix of order n having n li neraly independent eigen vectors then
there exists an n'" order square matrix Psuch that P~! AP isq diagonal matrix.

We shall establish this result by considering a third order square matrix to make an
important and interesting observation.

Let A be a third order square matrix having eigen values A, Ay, Ay and the
corresponding eigen vectors.

3
Xy=1% | X,={¥| and X, =¥
4 % I3

Let the square matrix P be equal to [ X, X, X5
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Xy Xy X
ie., P={Y¥i V2 ¥
I 3 %
Now AP = A[X, X, X1 = [AX, AX, AX,] = (A, X,, A, X,, A3 X, ]
Az Aaxy, Ayxy Xy Xy X5 A 00
or AP = | My Ay Agysi=|yy ¥ 3 |0 A, 0
Az Az, Az, Z, 2y 24 00 A,
fe., AP = PD where D is the diagonal matrix represnted by
A, 00
D=0 ).2 0
0 0 A,

Consider AP = PD
Pre multiplying by P! we have,

P 'ap=pP 'PD=(P'P)D=ID=D
Thus P 'AP=D

It is important to note that P~ TAPisa diagonal matrix having the eigen values of
A, (A, A,, A,;) inits principal diagonal. We say that the matrix P diagonalizes
A where P is constituted by the eigen vectorsof A .

Note : (1) The transformation of a square matrix A to P =1 A P is known as Similarity
Transformation.

(2) The matrix P which diagonalizes A is called the modal matrix of A and the resulting
diagonal matrix is called the spectral matrix of A.

Computation of powers of a square matrix

Diagonalization of a square matrix A also helps us to find the powers of
A: A%, A3, A% etc,

Wehave D = P 1AP
-p?
ie., D= p-lalp

(P-VAPY (P YAP)=P la(PP~YyAP =P lalaP =P lAZp

H

Pre multiplying by P and post multiplying by P~ ! we have,
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ie.,

557

PD*p-1=(pp-1y A2(PP~1y 2 TA2] = A2
Al=pp?p-1

Thus in general, A” = PD" P~ where

A 00
D'=10 A7 0
0 0 A

Weiking procedure for diagunalizative of 2 square imatrix A of order 3

bl
>

Q

=}

We find eigen values A, Ay Ay

We find the eigen vectors X;+ X,, X, corresponding to the eigen values
Mok Ay

Ty Xy X3

- We form the modal matrix P = [X1 X, X3l=|¥ ¥ ¥y

B I
We compute P~ = —;,—r (Adj P)

Finally we compute P~1 A p

The diagonalization of A is given byD =P 14p

A 00

where we obtain D = | 0 A, 0

14

00?\3

WORKED PROBLEMS
Peduce the mairi 4 = i " o the pigers ooy and renee find A%

>> The characteristic equation of A is lA-AT} =0.

ie.,
ie.,
ie.,

or

(-1-2) 3

-2 (4-ay| =0
(=1 -1) (4-2)+6 =0
A2-3rA+2=0

A(A-1) (A-2)=0 . A=1and? are the eigen values of A.
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Now consider {A-AT] {X] = [d]

e [T5P W) 1)

ie., (-1 -A)x +3¥y =0
-2x +(4-A)y =0
Case- (i) : Let A =1

It

Weget —2x+3y =0 or 2x=3y or %:-‘é

X, = (3, 2)’ is the eigen vector corresponding toA = 1.
Case - (ii) : Let A = 2

Weget ~3x+3y =0 or x=Y of =-'{-

|

X, ={(1,1)"is the eigen vector corresponding toh = 2.
. 31
Modal matrix P = [ X, X2] =

Wehave | P| =1 and P71 =57 (AdjP)
a1
R 3}

w273 [ BEGY

-1 o= 10
Thus P AP-—D-—[Oz

] is the diagonal matrix.
or P-1AP = Diag(1, 2)

Alsowe have A" = P p'p?

1
4 _ 4p-1 . s | Oyp_110
A*=pD*P"" where D »[0 24]‘[016]

. R 1 0 1-17 _[31)] . 1-1] {-29%
- =t51llow!| -2 3| {21||-3248] |-304

4 _|—2945
Thus 4 _[—3046]
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>>» Let A=[_19 7}

-42 16
The characteristic equationof Ais | A~AI| = 0.
. (-19-x) 7 | _
ie., ’ -4 (16-2) =0

e,  AT+3A-304+294 = 0

ie, A+3A-10=0

or (A-2)Y(A+5) =0

ie., A =2, -5 arethe eigen values of A.
Now consider, [A-AT][X] = [0]

e (19-2) 7 x] o
M -42 (l6-A)||y| |0
ie., (-19-A)x +7y =0

~ 42y +(l6-A)y =0
Case-(i): Let A =2
Weget ~21x+7y = 0 and -42x+14y = 0
fe., ¥ =3x or-§-=§

Xy = (1, 3)"is the eigen vector corresponding to A = 2.
Case(it): Let A = -5
Weget —14x+7y = 0 and -42x+2ly = 0
X

ie., y o= 2x or‘%=1

X, = (1, 2Y is the eigen vector corresponding to A = - 5.

Modal mattix P = [x,%,] = [; ;]

Wehave [P| =2-3=-1 and P! =-|—l-15—](Ade)

559
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1. | 2-1)_[-21
SRR R
an o [-2 1[0 7] 4211120
Now P AP’_D'[ 3—1][-42 16][3 2}‘[—15 5“3 2]“[0-5}

Thus P~ AP =D = [g ; g ] is the diagonal matrix.

or P AP = Disg (2, -5)

»> The characteristic equationof Ais | A-AT| =0

(11-1) -4 -7
ie., 7 (=-2=X) -5 =0
10 -4 (~6-X)

e, (11-A)[(~2-A)(~6-2)-20] +4[7(-6-1)+50

| _7(-28-10(~-2-A)] =0
e,  (11-A)[A2+8A-8]+4[8-7X])-7{10A-8] =0

e, 1122488A-88-A°—8A*+8A+32-28A-70A+56 = 0

e, —33+3)2-21 =0 or A3-322-2A =0 or A(A-31+2)=0

or Ato. 14A-2)=0 = A=0,1,2

Nowconsider[A—lI][X]= [0]

ie., (N-A)x -4y =72 =0
' 7x +(—2-A)y -5z =0
10x -4y +(~-6-2)z =0

Case - (i): Let A = 0 and the corresponding equations are

11x-4y-7z =0 X _-¥ _z r_{_i_i
Tx-2y-52=0} = 6 -6 6 - 1 1 1
10x-4y—-62 =0

X1 = (1,1, 1)’ istheeigen vector corresponding toA = 0.
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Case (ii): LetA = 1 and the corresponding equations are

W0x-4y-7z = 0 x _ 2 x 2
7x-3y-5z = 0 :>—_—1=j'%=“'§DIT=—y'1-=§
10x-4y-7z = 0 - -

X=(1,-1,2)’ is the eigen vector corresponding to A = 1.

Case-(iii) : LetA = 2 and the corresponding equations are

Ix-4y~-7z = 0 - 5 . .
10x-4y-8z = 0

X3 =1(2,1,2Y isthe eigen vector corresponding to A = 2,

112
Hence the modal matrix P=[X1X2X3]= i-11
1 22
We have [P] =1(-2-2)-1(2-1)+2(2+1) =1
+(=2-2), -(2-4), +(1+2) 7 [-4 2 3
Adj P =|-(2-1), +(2-2), -(1-2) |=]-1 o0 1
+(2+1), -(2-1), +(-1-1) | 3 -1-2
s -4 2 3
P la-———(AdjiP)={-1 0 1
| P 3 -1 -2

Diagonalization of A is givenby P~ 1 AP,

-4 2 3 11 -4 -7]1 71 12
Now, P lap=|_-1 0 1 7 -2 -5{{1-11
3-1-~21110 -4 -¢ 1 22
-4 2 3|70 14] [oDoO
=l-1 0 1/|0-121=1010{=pD
3-1-2|10 24 002

Thus P~'AP = D = Diag (0, 1, 2)
Further we have A® = pp" p~1

A =PD°P land D’ = Diag (0, 1°, 25) Diag (0, 1, 32)
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1 12700 o}l[-4 2 3
Hence, A>={1 -1 1|01 0| ]-1 o 1
1 22! (00 32 3 -1 -2

[1 1t 2] 0 0 O 191 -64 -127

Thus A°={1 -1 1 -1 0 1| =| 97 -32 -65

1 22| |9 -32-64 190 -64 —126

>> Referring to problem-6, we have the eigen valuesof A, A, = 0,4, = 3, Ay =15

and the corresponding eigen vectors are
X, =(1,2,2), X,=(2,1, -2, Xy =(2,-2,1)
1 2 2
HencethemodalmatrixP=[X.l,XZ,X3]= 2 1-=2
2 1

| P| =1(1-4)-2(2+4)+2(~4-2)=-27

+{(1-4), -(2+4), +(-4-2) -3 -6 -6
Adj P ={—(2+4), +(1-4), -(-2-4)|=]-6 -3 6
+(-4-2), -(-2-4), +(1-4) -6 6 -3
1
p~l=——(AdjP
RARAR
, [-3-6-¢6 S 22
P‘1=—27- -6 -3 6|l=5[2 1-2
- -6 6 -3 2 -2 1

Diagonalization of A is given by‘ -l AP.
8-—6 2 1 2 2
1—2 -4 2 1 -2
- - 3 2 -2 1
2
-2
1

2
2

1 2
2 1
2 -2

\Dll-‘

Now, P~ 1ap =
2 4

0 6 30
0 3 -30
0 -6 15

\.olb—'



1 00 o0
e, P'AP=2102 of{=|03 0(=p
0 0 135 0015
Thus P~ AP=p = Diag (0, 3, 15)
Vi st the ey 4 R ;. sosmrdar b is diagonal matrix ['ind the

S 5

st d el paptey

>> Referring to Problem-7, we have the eigen values of 4, A =3 =6 A; =9 and
the corresponding eigen vectors are,

Xi=(1,2,2), X, =(2,1, -2y, X, = (2, -2, 1y

1 2 2
HencethenmdalmatrixP=[Jﬁ'1 X, Xi=12 1 -2
2 -2 1

Remark : The matrix P is same as in the previous problem and hence P~ is glso same as in
the previous problem.

Diagonalization of A is givenby P! Ap.

1(122'F7—20 1 2 2
Now, P"AP=§ 2 1-211-2 6-2|(2 1 -9
2 -2 -1/ 0-2 5 2 -2 1
1(1.2 2173 12 18
=512 1-2)16 6 -18
2 -2 1] /6-12 9
1 [27 00 300
P‘IAP=§0540=060=D .
0 0 81 009
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»>> Referring to Problem-11, we have the eigen values of A,

M=-2, N =3, A =6

and the corresponding eigen vectors are

X, =(1, 0, -1)", X=(1, -1, ), X3 =(1, 2, 1)’

Hence the Modal matrix P = [ X, X, X;] =

— D
|

—

— D k=

Now, |P] = 1(-1-2)-1(2+1)=-6 (Expanded by first column)

+(-1 =2), —(1-1), +(2+1) -3 0 3
AdjP=|-(0+2), +(1+1), ~(2-0) |=)-2 2 -2
+(0-1), —(1+1), +(-1-0) -1 -2 -1

-3 0 3

p":—”l,—‘mdjpp% —2 2 -2

-1 -2 -1

Diagonalization of A is given by P~ Y AP

. [-3 03 113 1 11
Now, P'IAP=? -2 2-2|1151 0 -1 2
311] -1 11

-1 -2 -1
-3 0o 3 -2 3 6
== -2 2 -2 0 -3 12
-1 -2 -1 2 3 6
IR 0 0 -2 00
P*lAP=—-6— 0 -18 0{=| 030|=D
0 0 -36 006

Thus Spectral matrixof A = D = Diag(—2, 3, 6)
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>> Referring to problem -9 we have the eigenvaluesof A A = -3, -3, 5

The eigen vector corresponding to the coincident eigen value A = — 3 be denoted by
X, zand wehave X, ;2= (3k =2k, k, k)’ wherek, , k, are arbitrary. We choose
convenient values for k, and k, to obtain two distinct eigen vectors.

M  Let k=1 k=1 - X =(1,1,1y
@)  Let k=1 k=0 - X,=(3,0,1y

Further we have obtained ( Problem-9) the eigen vector corresponding to A = 5 as.
(1,2  =1)

Denoting X3 =1(1,2,-1), we  have modal matrix
13 1
P=1X,X,X]=110 2
11 -1

|P| = 1(-2)-3(-3)+1(1)=8

+(0-2), -(-3-1), +(6-0)
Adj P = -(-1-2), +(-1-1), -(2-1)
+{1-0), -(1-3), + (0 -3)

Diagenalization of A is given by P AP

1"-246' -2 2 -3 13 1
Now,'P“AP=§ 3 -2 -1 2 1 -6 10 2
1 2 -3 )-1-2 o 11 -1

lr—z 4 6|1 -3 -9 5

=3 | 3 -2 -1 -3 0 10

1 2-3][-3-3-5

1"—24 00 -3 00

P"AP=§ 0-24 0l=| 0-30|=D
0 0 40 0 05

Thus P lApP=pD-= Diag (-3, -3, 5)
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LT EEN ey e [T

»> Referring to pmblem;ll, we have the eigen values of A, A=2,2,8
The eigen vector corresponding to the coincident eigen values A = 2 be denoted by

_k 4
le 2z;mclmehav.ure XL g = [52-2-—1, J_CZ’ kl where k;, k2arearbitrary.

We choose convenient values for k; and k, to obtain two distinct eigen vectors which
are orthogonal.

G) Let ky =1, k, =1:X =[0,1,1]

(i) Suppose X, = [4, b, c]’ then we must have X,"- X," = 0
: e —cor 2o

e, O+b+c =0 or b‘— -cor 7=T7

Since @ is arbitrary, let us choose a =1
X, = (1,1, -1)’ and we observe X," - Xz' =0

Further we have obtained the eigen vector corresponding to A=8as(2,-1,1)
Denoting X, = (2, =1, 1)’ wealso observe that X;"- Xy =0and X;- X" =0

0 1 2
The modal matrix P = [ X, X, X,1] = 1 1 -1
1-1 1
| P | =-1(1+1) +2(-1-1)=-6 ‘
+{1-1), -6l+2), +(-1-2) 0 -3 -3
Adj P=|~-(1+1), +(0-2), =(0-2) }=y-2-2 2
+(-1-1), —=(0-1), +(0-1) -2 1 -1
) ,fo-3-3
p-! = TPy (AdjPy= — | -2 -2 2
-2 1 -1
Diagonalization of 4 is given by p-lAP
[ o-3-3)[6-2 2][0 1 2
plap="p|-2-2 2f|-2 3-13 )1 1-1
1 -1 1

-2 1 -1 2 -1 3
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-1 0 -3 -3 026}
—6——2-22 2 2 -8
-2 1 -1 2 -2 B8

0

0

8

-2 0 o 20
== 0 -12 o|=|02
00

0 0 -48

Thus P 'AP = D = Diag(2, 2, 8)
Remark :
1. If the orthogonal eigen vectors X, , Xy, X, are normalized then the associated modal

0 13 216
matrixP = 12 1/N3 -1/¥6 | isanorthogonal matrix which also will give us
N2 -1N3 1INE

P ' AP =P AP = Diag (2, 2, 8).

2. If orthogonal congruence was not specified we can arbitrarily choose k, and k,
in X, , toobtain two linearly independent eigen vectors (Similar to the previous
problem) X, and X,,. Along with X, the associated modal matrix P will also give us

P"v AP = Diag (2, 2, 8)

>> The characteristic equation of Ais | A~Al | = 0
l2-a) 1 0
e, 0 (2-x) 1
0 0 (2-1)

0

ie, (2-AY =0=>A=2,2,2

The eigen vector corresponding to A = 2 has to be obtained by solving the system of
equations.

(2-2)x + 1y + 0z =0
Ox +(2-2)y +1z =0
Ox +0y +(2~2)z =0

ie., y =10, 2= 0; x canbe arbitrary.
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x=k y =0 z=0 istheeigen vector corresponding to the coincident eigen
valueA = 2.

It is evident that we cannot obtain three linearly independent eigen vectors.

Thus we conclude that the matrix A is not diagonizable.

>> Since the eigen vectors of a symmetric matrix are orthogenal we shall form the
modal matrix with normalized eigen vectors.

173 2/3 273 1 1 2 2
Hence P=| 2/3 1/3 -2/3 =3 2 1 -2
2/3 -2/3 173 2-~-2 1

By data, the eigen valuesof Aare A, = 0, A, =3, A; =15

~. Diagonal matrix D = Diag (0, 3, 15)

Weknow that D = P~! AP

Premultiplying by P and post multiplying by P~ ! we have,
PDP" ' =PP 1APP 1=1AI=A

But P~ ! = P’since P is orthogonal.
A=PDP’
(Jr 2 2] fooo] ,f1 2 2
=3 2 1 -2 0 30 "3 2 1 =2
Lz -2 1 0015 2 -2 1
1 (1 2 210 0 O
=3 2 1 -2 [ 3 -6
2 -2 1 30 -30 15
1 72 ~54 18 8 -6 2
) -54 63 -3 =[-6 7 -4
18 -36 27 2 -4 3
8 -6 2
Thus the required symmetric matrix A =|-6 7 -4
2 -4 3
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Remark :
1. Since we had normalized eigen vectors in P, P was an orthogonal matrix and hence we
coulduse P~ = P’inthe computationof A = PD P~ 1 IfP was formed with the actual

eigen vectors, it would have been necessary to compute P~ in the process of finding the
syminetric matrix A.

2. Compare this problem with the earlier worked problem — 17

oA T e doeewoer o T i the modal st

AT N T L B LR T O F LR B S £ T A B LR
>> Wehave, P"' AP = D

cos B -sinB
sin «cos@

p-1 AP=[CDSB -—sine] [a b] [ cos O sine]

sin® cosB b ¢ ~sin® cosH
_[cosﬂ —sine][ac059~bsine asin9+bcose]

Here |P|=1,Ade={ }=P'15ince[P|=1

sin® cosB || beosB—csind bsin®+ccosB

_Jcosfi{acos0—-bsinB)-sinB(bcosB-csind) cosB{asinB+bcosB)—sinB{bsinB+ccosO)
T sinO(acosO-bsin0)+cosO(hcos-csin0) sinB{asinD+bcosB)+cosB(bsinB+ccosb}

p-1 ap = (acosze—bsin26+csin20) {(a~c)sinBcos B +bcos20
(a-c)sinBcosB+bcos20 asin®®+bsin26+ccos?d
d 0

Plap={ ' |=D
0 d2

This clearly implies that we must have,
{a-¢)sinBcosB+bcos20 = 0

in20
or (.:7~c)smz2 = —bcos 29

sin26  -2b
cos28 a-c

ie., tan2 0 % = 28 = tan "] {%]

- 2
Thus the required 8 = 1 tan ™! (——b—J
2 c~-a
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8.5 Quadratic Farms

A homogeneous expression of second degree in any number of variables is called a
Quadratic Form. (Q.F)

Examples
1 262 +3xy + 4y
2. x§+2x§—31§+4xl Xy =X, Xq+ 6X3 X,
In general we have,
ay B +2ay, X Xy Hay X )
By o By Xt By X5+ 281, X Xy + 2y Xy Xy + 2085 X3 X, )
respectively representing quadratic forms in two and three variables.

It is possible to represent a quadratic form as a product of three matrices in the form
X' AX where X is the column matrix in the variables, A is a symmetric matrix and
X' being the transpose of X is a row matrix.

With reference to (i) we have,

, 41 %2 *
12 % 2

With reference to (ii} we have,

a5y 4 %31 | Y
X'AX = [I1X2I3] 1112 ﬂ22 |223' x2
A1y fAy3 A3 [ | *5

A s called the matrix of the quadratic form. We can easily write the matrix A of a given
quadratic form and conversely given a symmetric matrix. We can write the associated
quadratic form.

The symmetric matrix A associated with (i) and (ii) can be written as follows.

coeff. of 121 %coeﬁ'. of x,x,

@) A=|,
-icoeff of x;x, coeff. of122
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coeff. of xf % coeff.of x, x, % coeff. of x; x,
(i) A= %foefﬁ ofx; x, coeff. ofx% %— coeff. of x5 x,

1 1 2
5 coeffof x, x, 5 coeff. of x, x5 coeff. of x3

[Hustrative Examples
. 5 ’
1. x§+2xz+3x§+4xl x2+6x1 13+8I213

> A=

LS ]
Lo S|
W e W

2 2 2 .
2. ﬁr1+33.2+3x3 4x1x2 232x3+4x3x1

6 -2 2
>> A=]-2 3 -1
2 -1 3

3 x2+2y2+3zz+4xy+5yz-lf62x

1 2 3
> A=|2 2 572

3 572 3

4 axlebyt+ ez + 2fyz + 2gzx + 2hxy

a h g
» A=|h b f
g fe

: 2
5. l6x;{—xz+3x] Jc3--6x:,_x3

[ 16 0 372
> A= 0 -1 -3

372 -3 0
6. xy+yz+ex

0 1/2 1/2
>> A=}12 0 172
' 172 172 0

Further given a symmetric matrix, we can write the associated quadratic form easily.
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{Nustrative Examples

1. ax2+2hxy+by2

[(a h
> A:hb}

2, x2+y2+z2+4xy+6yz—22x

12 -1
> A= 21 3
L—lS 1

3
1
>> A=|2
4

Let X’ A X be the given quadratic form where A is a symmetric matrix.
Consider a linear transformation X = PY

Then X' 'AX =(PY) A(PY)

(Y’ P"YA(PY)

Y (PAP)Y

or X'AX = Y’'BY where B =P’"AP

If B=P’AP thenBand A are congruent matrices. Further the transformation
X = PY iscalled a congruent transformation.

Canonical form : Rank, Index and Signaturg

If B = P’ AP is a diagonal matrix, then the transformed quadratic form Y’ BY is a sum
of square terms known as canonical form. X' AX is transformed into the form

d, y% +d, y% + - +d, yzn being the canonical form.
The rank (r) of B or A is called the rank of the quadratic form.

The number of positive terms in the canonical form of a quadratic form is known as
the Index (p) of the quadratic form.

The difference between the number of positive terms and negative terms in the
canonical form is known as the signature of the quadratic form.
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Note: B = Diag (d,, d,, ... d,) can further be reduced to
B =Diag (1, +1, +1,...+1) and the associated canonical form will be

ttys .yl

ﬁ?_.‘; Nature of quadratic torm
If 7 is the rank and p is the index of the quadratic form in n variables the nature of the
quadratic form is identified as presented in the following table.
_' Cgﬁdi;idn ' _Nature of Q.F - _ iCanonical form ' Remark on ca_ﬁpni;:_al_ form
L ‘r =. "n =0 | _Positive definite y yf +y§+ R yi Only positive terms (n terms), |
r=n,p=0i Negativedefinite ' _y%_yg_ . _yzn Only negative terms (n terms)

:r =p,p<n ;Positive'sémi definite y‘;‘+y§+ N yf -Only positive terms (7 terms) .

B owoN

r<n =0 ?Negative semi-definte Ly% - yg - = l/f Only negati\.—ré terms (r terms)

In all other cases the quadratic form is said to be indefinite, Indefinite quadratic form
will contain both positive and negative terms in the canonical form.

Note: Orthogonal Transformation

Suppose &, A, 7«3 are the eigen values of A having corresponding orthogonal eigen vectors
Xy Xy X, inthe normalized form, the associated modal matrix P will be an orthogonal matrix.

(P71 = P is this case)

We have in this case,
P UAP <P AP =D = Diag (A, Ay, Ay)
The associatead canonical form will be A y‘f +A, y% +2, yg

Accordingly the nature of the quadratic form is presented in the following table.

Nature of qﬁadralic form Nature of eigen values
1. Positive definite - Positive eigen valhues
2 Negative definite ~Negative eigen values _
3. Positive semi definite _Positive eigen values at least one is zero.
4 Negative semi definite - Negative eigen values atleast one is zero.

In the case of indefinite quadratic form there wiil be positive as well as negative eigen
values.
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Working procedure “:r problems to reduce the given quadratic form to
sum of squares {(canonical form)

Case-(i} By canonical transformation

=

O 0oL

v

e

We write the matrix A of the Q.F.
Wewrite A = Al
We perform elementary transformation to reduce A to the diagonal form

The elementary row transformations are also performed on the premultiplied |
where as the column transformations are performed on the post multiplied .

We obtain D = P AP

If D= F.)iag(a‘1 , dz, d3) in respect of a third order square matrix A, the
canonical form of the given QF is d, y% +d, y% +dy y§

X = PY where Y = [y, ¥,¥;] and X = [x) x, x5 ] " will give us the congruent
linear tramsformation. ’

If required we can also obtain the canonical form as + y} + y% * yg

Case-(ii) By orthogonal transformation

=
)

We write the matrix A of the QQ.F

We obtain the eigen values ll , lz , }"3 and the corresponding orthogonal eigen
vectors X1 » Xy X, of the third order square matrix A.

We normalize the orthogonal vectors )(1 , Xz, X3 and write the associated
orthogonal modal matrix P.

Since P~! = P in this case we have P'AP = Diag (A, X,, Ay)
The associated canonical form is 7‘1 y% + }.2 yg + JL3 yg

X = PY where Y = [y,. ¥,. y;) and X = [x,, x5, x4 ) will give us the
orthogonal linear transformation.

WORKED PROBLEMS

24 Reduce the follocing quadvatic form o canonical form by fal Congruent transfornation

>> The symmetric matrix A4 of the givenQFis A =

(hy Cithagonal fransforination

,
2 Tt Iy

it

a
Sy 4 Dy
Lt .__\,, L..‘Ll_l.__{

—_o N
o Na
=
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(a) By congruent transformation

LetA =TAI
201 100 100
ie., 020i=|010A|010
102 001 001
R3—>—1/2-R1+R3
20 1] 100 100
02 0 = 010} A|l0O10
003/"2J -1/2 0 1 001
(33—>~—1/2-C1+C3
200 ] 100 10 -1
0290 = 010 A|lQ 1 '
00 372 -1/2 0 1 00 1
ie., D=P" AP
10 -122
where P=70 1 0
00 1
The canonical formis Y’ DY where Y = (v, v, y3 17
200 %
fe., Y'DY =y, 4, y,1{0 20 ¥,
00 32 Yy

Thus 2 y: +2 y’z + (3/2) y; is the canonical form of the given quadratic form.
The associatead congruént linear transformation is X = PY

ie., X =4 -(1V2)y,, X =Yy, X3=y,

(b) By orthogonal transformation

We have to first compute the eigen values and the corresponding eigen vector of A.

Referring to problem-8, we have obtained

A=l =2 A =3

Xl =(_1!0f 1)'1 X2=(0, 1:0)’1 x3=.(l:01 l)’

We normalize these vectors and write the associated modal matrix P.
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-1/N2Z 0 142
ie., P = 0 1 0
172 0 142

The orthogonal transformation X = PY transforms the quadrataic form X’ AX into
Y'DY where D = P~ 1 AP = P’ AP is the diagonal matrix given by

D= Diag(ll,lz, ?L3) = Diag(1,2,3)
Thus yf + 23(; + 3y§ is the canonical form of the given Q.F.
The associated orthogonal linear transformation X = PY is given by
x, = (-1 y + (N2 y,, X, =Y, X, = (IANZ)y, +(1N2) y,

Remark :
1. Rankofthe Q.F = RankofA =3

Index of the Q.F = No. of positive terms in the canonicl form =3

Signature of the Q.F = Difference between the number of positive and negative terms
=3-0=3

Nature of the Q.F is positive definite.

2. If orthogonal transformation is not specified, we always adopt congrue transformation
to reduce the given Q.F into sum of squares.

25 Find the bransfoomatoos e bosedt Brenc-Ror ot Bolh o queaelralic Forng o aom o2
K

HdEes ;m.-f_l“r'}_-‘:f the eedsee o teess

'}.\'2‘.* '*'e'._f': ; T_: SR VI PP R A LA
4 -4 2
5> The symmetric matrix A of the givenQFis4 = | -4 3 -3
_ 2 -3 1
Let A=TAI \
4 -4 2 100 100
ie., -4 3 -3|={010[A[0120
2--3 1 ¢ 01 001
R, — R1+R2, Ry — ~1/2- R, +R,
4 -4 2 1 00 1007
0 -1 -1f(=7 1 10]A;010
Lo -1 0 ~1/2 0 1 00

C2 - C1+C2, C3—-+ —1/2-C] +'C3
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4 0 0 1 09 11 -1/2
0-1-1]| = 1 111 Aj01 0
0 -1 OJ -1/2 01 00 1
R3-+—R2+R3
(4 00 1 0 0 11 -172
0 -10!l = 1 10 A(0o1 O
0 01 -3/2 -1 1 0o 1
C3v->—C2+C3
(4 00 1 00 11 -372
0 -104 = 1 10A101 -1
0 01 -3/72 -1 1 00 1
11 -372
Wehave D = Diag (4, -1, 1) = P'AP, whereP = |0 1 -1
00 1

X = PYis the congruent transformation which has transformed the given quadratic
form into sum of squares given by,

4u? - o* + uf
Where Y = [uvw]’ and X =[xyz]’
The congruent transformation is givenbyx = u+v-(32)wy=v-wz = w
Remark : Nature of the quadratic form
Rank = 3, Index = 2, Signature =2-1=1
Q.F is indefinite sfnc;;?anon ical form has both positive and negative terms.

>> The symmetric matrix A of the given Q.F is

1-20
A=|-2 2 4
0 4 -7
Let A=IAl
1-2 0 100 100
ie., -2 2 4|=|010[A|010
0 4 -7 001 001

R?_ -y 2R1 +R2
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Wehave D = Diag(1, -2, 1) = P° AP, where P =

N O

% B

0
0
1

oo -

=R
LB (V]
Lol 3 I -

=
e -
=]

o R ]

o B
==

o o N
[l o R

]

O o= N

— Mo

LINEAR ALGEBRA -2

X = PY is the congruent transformation where X =[x, x, x;]° and

Y=l ¥ 4517

ie.,

‘Canonical form is yi - 2y§ + y";

Remark : Nature of the quadratic form

X, = y1+2y2+4y3, Xy = y2+2y3, Xy = Yy

>> The symmetric matrix A of the given formis A =

1 0 3
0 -2 -2}
3 -2 3

Rank = 3, Index = 2, Signature = 1, Indefinite form.
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Let A=1Al
1 0 3 100 100

i, 0 -2-2|=|010]Al010
3 -2 3 001 001
R3—->—3R1+R3
1 0 3 100 100
0 -2 -2 |= 01 0JA|l010
0 -2 -6 -301 01
C3—~>—3C1+C3
(1 0 0 100 10 -3
0 -2 -2|= 010fAl01 0O
0 -2 -6 -301 00 1
R3—;—R2+R3
(1 0 0 1 00 10-3
0 -2 -21= 0 10|lA(01 o
0 0 -4 -3 -1 1 60 1
(33—)—C2+C3
1.0 0 1 00 10 -3
0 -2 0= 0 10(AJl0 1 -1
0 0 -4 -3 -11 00 1

_ Further we need to make the diagonal elements 1 numerically. Hence we perform the
transformations.

1 1 1 |
72— Rz' VZ-CZ and §R3, -2—C3
1 0 0 1 0 0 1 0 -372
ie., 0 -1 0f=| o N2 01A|0 12 -12
0 0 -1 -3/2 -1/2172 0 0 172

WehaveD = Diag (1, -1, ~1) = P’ AP
The canonical form is yi - y; - y:f under the congruent transformation X = PY,

: 1 0 -3/2
whereX = fx y z]"Y = [y, y, Y;]’and P =1 0 142 -172
0 0 1/2
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The congruent transformation is x = ¥, -(3/2)y,, ¥ = (1N2) y,—(1/2)y, ,
z=(1/2)y,

The quadratic form is indefinite as the canonical form contains both positive and
negative terms.

>> The symmetric matrix A of the given QF is

2 -1 3
A=|-1-2 -4
3 -4 2
Let A=TAI
2 -1 3 100 100
ie., -1 -2 -4|=|l010]A|010
3 -4 2 001 001
Rz"’ 1/2-R1+R2, R3 - =32 . R]+R3
(2 -1 3] 100 100
0 -5/2 =572 | = 1721 0lA|(0 1 0
0 -5/2 -5/2 =32 01 001
C2—> 172-C, +Cy; (::,,—>—3/2-C1+C3
[ 2 0 0] 100 1 172 =372
0 -5/2 ~-5/2|= 1721 01A10 1 0
0 -5/2 =572 -3/2 01 0 0 1
R3 — —R2+R3
2 0 0 1 00 1 172 -372
0 -5/2 =-5/2 | = 121 0 A| 0 1 0
0 0 0 -2 -11 1) 0 1
C3 —->~C2+C3
2 0 O 1 00 1 12 -2
0 -5/2 0| = 12 1 01A1D 1 -1
[ 0 0 -2 -11 0 0 1

Wehave D = Diag(2, -5/2, 0) = P” AP
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The canonical form is 2y§—( 572)y§ under the congruent transformation X = PY

1172 -2
where X =[xy z}’, Y = [y, ¥, 4931"and P={ 0 1 -1
00 1

The congruent transformation is
X = y1+(1/2)!¢'2'2y3f Y=¥=¥;, 2=
The quadratic form has,

Rank = 2, Index = 1, Signature = 0 and the nature is indefinite.

6 -2 2
A=|-2 3 -1
"2 -1 3
>> Let A=1Al
6 -2 2 100 100
ie., -2 3 -1|=|010{A|l010
2 -1 3 001 001
R2 ->1/3-R1+R2, Ra—)—I/S-R1+R3
6 -2 2 100 100
0 73 -1/3|={ V3101 A|010
0 -1/3  9/3 ~1/3 0 1 001
G, » 1/73-C +C,, C;—>~1/3-C 1+ Gy
"6 0 ] 1 00 113 -1/3
0 773 -1/3{=! 1731 0]A|l0 1 0
0 -1/3 73 -1/3 0 1 0 ¢ 1
3 = 1/7-R,+R,
6 0 0 1 00 11/3 -1/3
073 -173|=| 1731 0| Alo1 o
0 16/7 -2/7 01 00 1
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60 0 1 0 0 1 1/3 -2/7
07730 = 1731 0| A0 1 1/7
00 16/7 ~2/7 1/7 1 00 1
1 173 -2/7
Wehave D = Diag (6, 7/3, 16/7) = P’ AP, whereP | 0 1 1/7
00 1

The quadratic form 6xf + 3x§ + 3.1’% —4x, X, +4x; X3 - 2x, %, is reduced to the
canonical form

62 +(7/3)y3+(16/7)y;
under the transformation X = PY givenby:

x, =y +(173)y,=(2/7)y,, X, = Yot (1/7) Yy, X3 =Y,

Further the quadratic form has,

Rank = 3, Index = 3, Signature = 3 and is positive definite in nature.
Remark : Canonical form of this quadrataic form by orthogonal transformation.
Referring to problem ~ 20 and the Remark made in that problem we have
P’AP = Diag (2, 2, 8) where P is the orthogonal matrix given by

0 143 26
P={1/"2 13 -1/V6
12 —-1/¥3 16

The canonical form by orthogonal transformation X = PYis Zyi + 2y§ + Syg.
The rank, index, signature and the nature is the same as stated earlier.

>> The symmetric matrix A of the given Q.F is

31 1
A=|1 3 -1
1 -1 3
Let A=TAI
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3 1 1 1 00 100
ie., 1 3 -11=({010;A(010
1 -1 3 001 001
R, > -1/3-Ry+R,, Ry — ~1/3-R +R,
[ 3 100 100
0 8/3 ~4/3 -1/3 1 0| A|l010
0 -4/3 83 -1/3 0 1 001
C2—)—1/3 C+C2, Ca—)—lx’3 C1+C3
3 1007 1 -1/3 -173
0 8/3 «-4/3 -1/73 1 0lAl0 1 0
0 -4/3 83 -1/3 ¢ 1 0 0 1
R,—1/2 R, +R,
(3 0 0 1 0 0 1 -1/3 -1/3
0 83 -43|=|-1/3 1 0l A0 1 0
00 2 -1/2 172 1 0 0 1
3 -)1/2-C2 + C3
(30 0 1 0 0 1 -1/3 -1/3
083 0j=|-1/31 0lA|0 1 1/2
00 2 -1/2 172 1 0 0 1
) 1 -1/3 -1/3
Wehave D = Diag (3, 8/3, 2) = P'AP whereP |0 1 1/2
0 0 1

The canonical form is 3yi +(8/3) yi + 2y§ under the congruent transformation.

X =PY where X =[xy z]"and y = [y, v, y,)".

The quadratic form is positive definite.

>> The symmetric matrix A of the Q.F is

53 7
3 26 2
7 210

A=
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Let A=TAI

53 7 100 100
ie., 32 2|=l010[A]010
7 2 10 001 001
R, »>~3/5-R +R,, Ry —»-7/5-R+R,
5 3 7 10 0] (1 0 0
0 121/5 -11/5|=}|-3/51 0 A {010
0 -11/5  1/5 -7/5 0 1 L0 01
C, »-3/5-C+C,, Cy—-7/5-C+Cy
5 0 0 10 0] 1 -3/5 -7/5
0 121/5 -11/5|=1-3/51 0| A |0 1 0
L0 -11/5 1/5 ~7/5 01 0 0 1
R, > 1/11- Ry + R,
5 0 0 1 0 0] 1 -3/5 -7/5
0 121,55 -11/50=1-3/5 1 0rA|lO0 1 0
0 0 0 -16711 1711 1 0 0 1
Cy - 1711 G+ G,
(5 0 0 1 0 0 1 ~3/5 -16/11
0 121/5 0|=1-3/5 1 0lA {0 1 11
0 0 0 -16/11 1/11 1 0 0 1

We have D = Diag (5, 121/5, 0) = P'AP where

[1 -3/5 -16/11
Pp=|0 1 1711
0 0 1

The canonical form is 5 yi +(121/5) y§

The quadratic form has,

Rank = 2, Index = 2
Since the Rank = Index = 2 < 3 the quadratic form is positve semidefinite.
The congruent transformation X = PY is givenby

x; =y = (350 4= (16711) y3, X, = Y, +(1/11) yy, X3 =Y,
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Further y; = 0 and y, = 0 will reduce the quadratic form to zero. y, canbe
arbitrary, y, = 1 (say)

Hence x, =-16/11, x, = 1/11, x, = 1 isa set of non zero values that makes
the quadratic form zero.

310 Redunee He tollooeing i Srhvacie el g by octhogonntd fransfornation
A tnnd B nank brdey o sds e e e sibiene s Hne et Yorm
- -2 .
S R L AR AT I Vel Pl
Dbt e orthos il frosforon i alo

>> The symmetric matrix of the Q.F is

8 -6 2
A=|-6 7 -4
2 -4 3

Referring to problem - 17 we have,

A, = 0, A, = 3, A; = 15 and the corresponding eigen vectors are
XI = [lr 2; 2]’r X2 = [2, l; _21’: X3 = [2! _2: l}’

The modal matrix P consisting normalized eigen vectors is

173 273 2/3 1 1 2 2
P=12/3 173 -2/3 | = 3 2 1 -2
273 -3 173 |_2 -2 1

P~ = P’since P is an orthogonal matrix.
Wehave D = Diag (0, 3, 15) = P’ AP
The canonical form is 3y§ + 15 yg
The quadratic form has,
Rank = 2, Index = 2, Signature = 2 and it is positive semidefinite.
Further the orthogonal transformation X = PYisgivenby

1 1 1
x = (y+2y,+y), ¥y = 3 (2y1+yz—-2y3), z=3 (2y1—2y2+y3)
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33, Obtain the srthogomal transtormabion Lt bransfoo s fle qresirarie farm

b R Bovx, 4 Dag b b e N

[

VTR

3

r4

>> The symmetric matrix A of the Q.F is

113
A=|151
311

Referring to problem - 19 we have

A =-2 A =3 A =6andthe corresponding eigen vectors
X, =[1, 0, -1)", X, =11, -1, 1], X, =11, 2, 1]’

The modal matrix P consisting normalized eigen vectors is

N2 143 146
0 —1/V3 276
142 143 146

p

P~ = P’ since P is an orthogonal matrix.
Wehave D = Diag (-2, 3, 6)=P’AP

The canonical form is -2 yi +3 y§+ 6 y:

34 Worete the syimnere e aesocnarad i Dhe ST e e dvadie fee

b bl bl

VT AT R R S L B T Sl Y e

>> X =[xy zw] , X'AX is the qudratic form in four variables where the
symmetric matrix A is given by '

1 2 3 -2
' 2 3 6 -4
A= 3 6 8 -6 i

-2 -4 -6 4
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s I B m

VoA [ETSRRTREEI chespwiinfare do e Do NI  HIL S RTR R TS A
2 -1 372 -2
-1 -3 -572 3
3/2 -5/2 4 1/2
-2 3 172 1

> Let X ={x; x, x3 x,]". TheQF XA X is given by

A=

2xf—-31§+4x§+x§—2x1 x2+3x1 xa-4x1 .\:4-53:2 x3+6x2 Xg+xy x,

EXERCISES
1. Show that the transformation ¥ = le PaH Xy, Yy =X X+ 2:r3 ,

Y3 = X, = 2x; is regular. Find the inverse transformation.

Find all the eigen values and the corresponding eigen vectors for the following
matrices.

2-3.1 221 1 00
2 31 3 3.i131 4 10 10
-5 2 -4 122 3-11
5. Find a matrix P which transforms the following matrix A to diagonal form.
10 -1
A=|12 1] HencefindA*
22 3
111
6. Diagonalize thematrix A =| 0 2 1
-443
8 -8 -2
7. Show thatthematrix A ~ | 4 -3 -2 |is similar to its diagonal matrix. Also find
3 -4 1

transforming matrix and diagonal matrix.

8. Reduce the following quadratic form into canonical form by congruent
transformation and give the corresponding linear transformation.

1()1(%+x§+:\:§~6x1 x2—2x2x3+x3x1

9. Reduce the following quadratic form into sum of squares by an orthogonal
transformation. Give the matrix and nature of the form.

3x§+3x§+3x§+2rlx2+2x1x3—2xzx3
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10. Reduce to sum of squares the quadratic form :

P+ 27 - 72 - dxy + 8yz

LINEAR ALGEBRA-2

Find the rank, index, signature and the nature of the form.

ANSWERS

X =2 =2, Yy, Xy = — 45,3, =YY
A=0,-2,1; (10,3, -11), (4,3,-7), (1,0,1)
A.=1, 1, 5; l-(2k1+k2)’k1'k2]' (l, 1: 1)
A=1,1,1; (k, 3k, k) |
1-2-1
P=|-1 1 11{;P YAP= Digg(1, 2, 3)
0 2 2
-49 -50 —40
At=| 65 6 40
130 130 81
-111
P"lAP=D=D:'ag(1,2,3) where, P=1-2 1 1
| 201
(4 3 2
P~ 1 AP =D = Diag (1,2, 3) where, P=1{3 2 1
(211
W02+ sy s %, =yt - -
1tig¥2 B1 =Nt gl =t Ys B =Y
-143 0 246
v+ag+ad; | V3 142 16 |, positive definite.

1793 =12 146

10. y% - 2y§ + 9y§ Rank = 3, Index = 2, Signature = 1, Indefinte form.
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BEATING THE MEMORY
[ Formulae, Properties and Results to be remembered from all the units at a glance |

Unit - 1 DUWFERENTIAL CALCULUS-1
Table of n'™ derivatives of standard functions

y=f(x) y,=D"y
File a" &=
Fy | a™ {mloga )" a™*
Fyl (ax+b)" mon m{m=-1)(m-2).. . [m-(n-1))a"(ax+b)"""
F, 1 (-1'nta"

ax+b m
F; | log(ax+b) (1" Y n-1y1a

(ax+b)"

Fﬁ sin{ax+b) a"sin[llz—ﬂ+ax+b]
F7 | cosax+b) a"cos["—f+ax+b)
Fg | é*sin(bx+c) (V2 4+ 57y ¥ sin [ tan ! (b/a )+ bx + ]
Fo | ¢ cos(bx+¢) (NP + ) & cos| n tan™ {(b/a) + bx+c]
Remark :

Observe similarities in the pair of formulae F, & F ; Fo&F,; Fg & Fy as it would
help to remember the formulae easily. '

Leibnitz theorem for the n'” derivative of a product

n _ n(n-1)
D™ (uv) or (uv), = WOt D+ —5 Uy U ot tu D

Rolle’s theorem

Iff(x)is continuousinfa, b ], differentiable in (a, byandf(a) = f(b), then there

.exists atleast one point ¢ in («, b) such that f'(e)=0
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Lagrange’s mean value theorem

If f(x ) is continuous in [ a, b], differentiable in (2, b) then there exists atleast one
pointcin(a, b)such that '

ﬂ_Lﬂ_l f(C)

Cauchy’s imean value theorem

If f(x)and g(x) are two continuous functions in [a, b], differentiable in {4, b)

withg " (x) 2 0 for all xin (a, b) then there exists atleast one point cin {a, b ) such
that

f(b)=f(a) _ f'(c)
g(b)-gla) g(c)
Expansion of a function y (x)

»  Taylor's expansion : (about x = a)

2 3
y(x) = y(a)+ (x-ayyy () +EoEL g, (a) + B2

Yala)+--

»  Maclaurin’s expansion (about x = Q)

¥ X
y(x) =y(0)+xy; (0)+57 5, (0)+37 y3(0)+- -

LUinit - L DIFFERENTIAL CALCULUS -2
Indeterminate forms
» L Hospital’s rule (for 0/0 and oo/ forms)

g £ Lo, L&), G
x—a g(x) x—a g'(x) x—a g,(x)

Polar curves
»  Angle (§) between the radius vector and the tangent
’ do 1 dr
tantp:rdr or cotd = r 46

»  Length of the perpendiczdar (p) fromthe pofe to the tangent

p=rsing or — 1 dr
= p2 r2
»  Angle of intersection of two polar curves is given by | ¢, - ¢, |
1f |¢1—¢2| =n/2 or tan¢,-tan¢, = -
then the curves intersect each other orthogonally or at right angles.
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»  Pedal equation (p-r equation) of a polar curve

If9is eliminated from the given equationr = f(8) and p = rsin ¢, where $is usually
afunction of §, the resulting equation in pandr is the pedal equation of the polar curve.

Radius of curvature

e« K = B¥ : _ s
»  Curvature : K = 4s + Radius of curvature p = ay

»  Cartesian curve :

- (l+y%)3"2 (1+:r§)3/2
[y=y(x)}, p=——— [x=x(y)|]), p= —— L7
Yy )
a2
o N {2
»  Parametric curve : [x=x(t), y=y(t)], p = x § -9 ¥
N (r2+r%)3/2
Pl M = G . =
olar curve : {r = f(6)] p r2+2r%—rr2
» Pedal curve : [r = f(p)], »p =r~g§
UNIT - 111 DIFFERENTIAL CALCULUS -3
Partial Differentiation

Partial derivatives of u ( x, v)

First order partial derivatives

e Yo
x_ax uv‘_ay
Second order partial derivatives l
_0 () _ Pu W o9 () _Pu
"o T 3 | ax T a2 w9y | dy _&yz
_ia_u_azu& Mixed 3 (3u)_ o
“w 3y | ox )T oyor  partial derivatives * “sv 7 3y dy | oxay

and so-on
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ﬁ = o u or u_=u
dydx Oxdy yx Xy
Differentiation of composite functions

Further,

If w=u(x,y) where x = x(t) and y = y(¢) then
du Ju dx  du dy

= 3 dt + By df (Total derivative)

If z=2z(x,y) where x = x(u, v) and y = y(u, v)

then
L _mn kY
ou Ox du oy du
(Chain rule)
o _ddx Y
dv ox ov Oy dv
Jacobians :

If u, v, w areall functions of x, ¥, z then the jacobian (]) is given by

du du
dx dy oz
_dwow) |
J“a(x,y,z)‘ dx By oz
dw dw dw
dx ody oz

Taylor's series expansion of f(x, y)about(a, b) and about (0, 0)
1
fx ) = f(a 0y v [ (x-a)fo (@ by+ (y=b)f, (a, b))
b (e D)+ 2(-a) (g 8) [y (5, )

+(y-bPf a D)}

In particular if (a, b) = (0, 0), the series is called as Taylor's series about the
origin or Maclaurin’s series given by

1
fCx y) = £0, 0y +q7{xf, (0, 0)+yf, (0, 0}

+ 3 PAa(0 0042298, (0, 044, (0, 0}
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Maxima and Minima of f{( x,. V)
Working procedure for finding extreme values of f(x, y)
(i) We have to first find the stationary points (z, y) suchthat f =0 and
fy=10
{ii) We then find the second order partial derivatives :
A=l B=fy C=4,

We evaluate these at all the stationary points and also compute the corresponding
value of AC- B2

{iif) (a) A stationary point (Xy Yy} isamaximum pointif AC-B% > 0 &
A<0,; f(x, ¥g) is a maximum value.
{b) A stationary point (X, ¥,) is a minimum point if AC-B2>0 & A>0 ;

f(xy, ) is a minimum value.

Note : We can overlook the cases of AC~B* < 0, AC-B% =0 , A=0

Vector Differentiation

Vector differential operator ‘Nabla’ (V)

V= 5;1+ %] + gaz' k
¢ (x, y, z)isascalar point function andz?(x, ¥, 2 )is a vector point function, then
-V = grad ¢ _ = Gradient of ¢
_V-Z) = divA = Diverggnce_of )¢
Vx4 = curll A = Curl of A

V-V ¢ = div(grad ¢) = Laplacian 0f¢=V2¢
2_ P @
where V2 = —— + —5 + —5is called the Laplacian operator.
Lt ot a2

Geometrical m= ning of V¢

¥ ¢(x, y,2; ¢ bethe equation of a surface, then Vo is a vector normal to the
surface. .

. A . . . =3
» Vé-nis the directional derivative of ¢ alon g agiven direction A where
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A/ | A | = n
» The angle between two surfaces is equal to the angle between their normals and if
this ang}e is equal t0 90° then the surfaces are said to be orthogonal to each other.

> A vector A lS said to be solenoidal if div A = 0 and irrotational (conservative)
if curl A=0

> If A is irrotational there always exists a scalar function ¢ such that V¢ = A and
s called the scalar potential of A

List of vector identities

1. curl(grad¢)=0_) 2. div(curlﬁ)=0
3. curl (curl ;‘?) = grad(divf)—-Vz;‘?

4. v-(qaﬁ’) = (V- A)+Vo-A

5 Vx($A ) = (VXE)+VoxA

6. div (A x ) =B.curl A-A-curl B
Orthogonal Curvilinear Coordinates (0.C.C)
Curvilinear coordinates : (u,, u,’, uy) and 7= r_)( Uy, Uy, Uy)

Scale factors and unit vectors

N 72 IR B¢ B O
1 - £ 2 + M3 = ’
ou, du, au3
AL A 1 A 1
1 h du, © 2 h, U, 3 hy U,
Orthogonal Coordinates T . Scale factors and
ransformation .
system (uy, uy, ug) unit vectors
Cylindrical : (p., #, 2) X = pcosd h1'=1;?
system [cyli.ndri!:al polar y = psind b =p; é?
coordinates] z2 =z 2
hy=1;e,
Spherical (r, 68, 9) x = rsin®cos ¢ h, =1;§:ﬂr
system [Spherical polar ¥ = rsinBsing h.o =r: &
coordinates] z =rcosB 2 "0 A
A hy = rsin®;e,
| Cartesian (x,y,2) xX=x h1=l;f\ -
system {Cart?sian y=y hy=1; 1
coordinates) z=z 2 A
h3 =1;k
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Expression for the Arc length and the Volume element in O.C.C
ds? = b} dul + k] dul + b3 di5 [Arclength]
dV = hyhy by duy du, du, [Volume element]

Expression for Gradient, Divergence, Curl and Laplacian in0.C.C

Lety = ¥, (u,, u,, u,)be ascalar point function and

—

— A A fa] . .
A=A(u, uy, u) = Ajey + Aye, + Aje,y be a vector point function.

)
hyhyhy 273
Fa M Fa
hiey hye, hyeq
- - 1 d d d
CurtlA=VxXxA= -
ur hyhyhy ou, au2 Bu3

h, h
. — 2y = 1 9 |27 oy
Laplacianof y = V7 y = hl hz h3 E aul { J

Differentiation under the Integral sign
» Leibnitz rule
b
It d(a) = _[f(x, o } dx where a and b are constants, then

a

d

s

b
’ g
¥ (@) =55 =!a_a [f(x, a)]dx

=%
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Reduction formulae

n/2 n/2 5
» I sin” x dx = I cos"x dx = 221223 n=5 oy
0 n n-2 n-4

where k = 1 when nis odd and k = n/2 when n is even.

/2
[(m=-1)(m~3)...}[(n-1)(n-3)...

i
(m+n)(m+n-2)(m+n-4)... x k

» I sin™ x cos" x dx =
0
where k = 1/2 only when m and n are even integers.

Applications of Integral calculus

Derivative of Arc Length
2 2
o s _ Y o ds dx
o B @ (g
2 2 2
o ds _ J(axY (dy L ods dr
(iif) 5= ( ]+[dt) {iv) - r2+[d8}

EENAE))

Integration with respect to the corresponding independent variable will give s.

~~

W

‘Applications formulat at a glance

Cartesian curve Parametric curve Polar curve
Area(A)| © d
_[ydxor dey Jy——dtor_l'xi!dt %
‘ ; at 2 [P a0
2
1
b d .
rengih ® Iﬁ dx or Iﬁ d ! } ds :
Y dx ) dy ¥ _l[ds Id—de or j-*dr
; E dt 3 r,
1




